Effects of external radiation on biased Aharonov-Bohm rings 
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We consider the currents flowing in a solid-state interferometer under the effect of both an 
Aharonov-Bohm phase and a bias potential. Expressions are obtained for these currents, allowing 
for electronic or electron-boson interactions, which may take place solely on a quantum dot placed 
on one of the interferometer arms. The boson system can be out of equilibrium. The results are 
used to obtain the transport current through the interferometer, and the current circulating around 
it under the effect of the Aharonov-Bohm flux. The modifications of both currents, brought about 
by coupling the quantum dot to an incoherent sonic or electromagnetic source, are then analyzed. 
By choosing the appropriate range of the boson source intensity and its frequency, the magnitude 
of the interference-related terms of both currents can be controlled. 
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I. INTRODUCTION 

Solid-state interferometers, restricted to the meso- 
scopic scale in order to retain the coherence of conduction 
electrons,^ are constructed from narrow waveguides, pos- 
sibly containing scatterers, for the electronic paths. An 
Aharonov-Bohm magnetic flux^ between the two paths in 
such interferometers results in a periodic flux-dependence 
behavior, which stems from interference of the electronic 
wave-functions. In recent experiments,'^"^" carried on in- 
terferometers connected to several electronic reservoirs, 
the current passing through the system in response to 
a voltage difference has been used to investigate coher- 
ent transport. These experiments have revived interest in 
such systems, whose theoretical^ and experimental^"* 
study has begun much earlier. The current experimen- 
tal set-ups involve a quantum dot (or two*'^) embedded 
in the interferometer, aiming at the study of the trans- 
mission properties of the former. These experiments 
have been followed by many theoretical works, explor- 
ing the possibility of deducing the transmission phase of 
a quantum dot from the measured conductance of the 
interferometer, *^~^^ and investigating its dependence on 
various interactions. 

The interference of the electronic wave functions in an 
Aharonov-Bohm interferometer also creates a circulating 
current, which flows even at thermal equilibrium, and 
even when the ring is isolated (under these conditions it 
is usually called 'persistent current'). This current has 
been invoked as early as 1936 by Pauling, to explain the 
large orbital magnetic response of tt electrons moving on 



a ring in benzene-type molecules, and soon after has been 
calculated^^ in terms of the tight-binding model. The 
analogy between persistent currents and the Josephson 
effect has been expounded upon in Refs. 28 and 29. Their 
discussion of the possible realization of a 'normal Joseph- 
son current' in small metallic (or semiconductor) rings, in 
the presence of some disorder, has sparked much interest 
in this phenomenon and led to a considerable experimen- 
tal effort to detect it, either by various magnetic response 
measurements, ^""^^ or by optical spectroscopy. '^^^■^^ At 
thermal equilibrium, the persistent current is equivalent 
to the thermodynamic orbital magnetic moment of the 
electrons. Since it arises from the interference of the elec- 
tronic wave functions, then, as long as the electrons are 
phase-coherent, it will survive the presence of moderate 
static disorder. ^'^^ Recently, most of the theoretical inter- 
est in this phenomenon has shifted to studying charge- 
(or spin) fluctuation effects, ^^^''^ time-dependent prop- 
erties and non-equilibrium situations, or electronic 
interactions. In addition, there have been recently 
several attempts^ ^"^"^ to relate the phenomenon of persis- 
tent current, which is intimately connected to electronic 
coherence, to the dephasing of electrons at equilibrium 
due to the coupling with a boson bath. 

Here we study the currents flowing around and through 
an 'open' interferometer, connected to electronic reser- 
voirs, with a quantum dot placed on one of its arms, 
when the latter is coupled to an external incoherent radi- 
ation source. The electronic reservoirs are held at slightly 
different chemical potentials, such that the voltages are 
small enough for the system to be in the linear transport 
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regime. The external radiation source, on the other hand, 
will be taken as being, and possibly driving the system, 
out of equilibrium, so that its intensity can serve as a 
'control parameter' of the currents. In other words, we 
study the currents when the electrons are also coupled to 
an incoherent out- of- equilibrium boson source. We take 
the electronic system to be free of any interactions, ex- 
cept on the quantum dot, where the electrons are coupled 
to an external source of sonic (or electromagnetic) waves. 
The system is depicted in Fig. 1. 

Although we use the term 'electron-phonon interac- 
tion' throughout this paper, our results apply equally, 
with minor modifications, to the case where the electrons 
are coupled to an electro-magnetic source, that is, for the 
electron-photon interaction. In any event, in order to re- 
tain the coherence of the electrons, the systems we con- 
sider are necessarily confined to size scales small enough 
so that the electrons stay coherent at the given temper- 
ature. At the same time, the strength of the acoustic 
source is assumed to be such that the additional deco- 
herence due to it is not detrimental. The precise param- 
eter windows in which this can be achieved is sensitive 
to acoustic (or electromagnetic) mismatch, details of the 
sample geometries, etc, and hence their calculations are 
not carried out here. Also, we do not discuss dephasing, 
but rather, like in Refs. 42 and 45, we concentrate on a 
non- equilibrium source of bosons. 




FIG. 1. An Aharonov-Bohm interferometer, containing a 
quantum dot (QD) on its upper arm and threaded by a mag- 
netic flux The lower arm of the interferometer contains a 
'reference' site (RS). The ring is connected to two electronic 
reservoirs whose chemical potentials are either equal or have 
a small difference, allowing a current I to flow from the left 
to the right. The wavy vectors denote the external beam 
radiated on the dot. 



When the electrons arc coupled to a boson source, the 
naive expectation is that the coherent current decreases 
due to loss of coherence, caused by inelastic processes 
as well as by renormalization effects due to the 'dress- 
ing' of the electrons by the bosons (the polaron effect^^). 
The latter is manifested by an overall Debye- Waller ex- 



ponent. However, it turns out that this is not the whole 
efiiect brought about by the radiation. In the case of 
isolated rings, it has been found^® that when the elec- 
trons are coupled to phonons, the persistent current is 
not only diminished; Rather, there appears an additional 
term, which originates from delicate resonance processes 
in which at least two phonons are involved (those were 
termed 'doubly-resonant processes'). The additional or- 
bital magnetic moment appears at non-zero tempera- 
tures, and has a non-monotonic temperature dependence 
at sufficiently low temperatures.^^ At thermal equilib- 
rium, this new term has been found to further reduce the 
persistent current (beyond its value in the absence of the 
coupling to the bosons). However, at non-equilibrium sit- 
uations, the magnitude of that 'extra' contribution may 
be tuned by controlling the intensity of the radiation in 
a certain frequency range, which is experimentally feasi- 
ble. Possibly related experiments with extremely inter- 
esting results have recently been reported in, e.g., Refs. 
57 and 58. Here we examine the effect of the electron- 
phonon coupling on a biased Aharonov-Bohm interferom- 
eter, which consists of an 'open' ring, connected to two 
reservoirs. Then, in addition to the circulating current in- 
duced by the magnetic phase, there appears also a trans- 
port current. We find that in a certain sense, the open 
ring is more amenable to manipulations by an external 
radiation source. We show that both the circulating and 
the transport currents are affected by a radiation source 
in a similar manner: Beside the overall Debye- Waller fac- 
tor, they each acquire an additional contribution. In the 
case of an open ring, that additional term docs not neces- 
sitate the existence of real resonant transitions between 
the initial and the final state, it appears at a lower order 
in the electron-phonon interaction, (as compared to the 
situation in isolated rings) and it exists even at zero tem- 
perature. The magnitude of that contribution can again 
be tuned by controlling the intensity of the radiation in 
a certain frequency range. In other words, by coupling 
the electrons to an out- of- equilibrium radiation source, 
one may control both the circulating and the transport 
current. Such a relation between the radiation intensity 
and the orbital magnetic moment may open interesting 
possibilities for future nano-devices. 

Our method of calculation is to express all partial cur- 
rents flowing in the system (i.e., Ii, I2, 13, and I4, see Fig. 
I) in terms of the exact (and generally, unknown) Green 
function on the dot, which includes all the eff'ects of the 
coupling to the interferometer, the external reservoirs, 
and the interactions taking place on the dot. These ex- 
pressions do not necessitate a near-equilibrium situation. 
In so doing, we derive general expressions for the current 
passing through the interferometer, I, and the current 
circulating around it which is induced by the Aharonov- 
Bohm flux, in terms of the exact Green function on the 
dot. We then use these results to investigate the effect of 
coupling to a boson source on both currents. 

We begin in Sec. II by the derivation of the partial cur- 
rents, the transport current, and the circulating current. 
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The expressions we obtain are valid also for the case in 
which the electrons experience electronic interactions on 
the dot. In particular, our result for the transport cur- 
rent generalizes the ones reported previously,^^'^^ which 
were derived under the assumption that there is no scat- 
tering on the reference arm. Within that approximation, 
the flux-dependence of the linewidth on the quantum dot 
level is lost. This flux dependence, as we show, turns out 
to be crucial in determining the circulating current. Sec- 
tion II is supplemented by an Appendix, detailing the 
computation of the partial currents (Appendix A). In 
sec. Ill we employ the general result for the transport 
current to study the effect of the coupling to a boson 
source. To this end, we use an approximate expression 
for that dot Green function, for the case in which 
the electrons on the dot are coupled linearly to a sonic 
source. Section IV is devoted to the analysis of the cir- 
culating current under irradiation. For the sake of com- 
pleteness, we include in that section a discussion of the 
effect of clcctron-phonon coupling on electrons moving 
on electronically-isolated rings (which are decoupled from 
the leads). Finally, we summarize our findings in Sec. V. 



II. THE CURRENTS IN A BIASED 
INTERFEROMETER 

Figure 1 portrays an Aharonov-Bohm interferometer, 

with a quantum dot placed on its upper arm, and a sec- 
ond electronic site placed on the other arm, serving as a 
'reference' site. All interactions (among the electrons, or 
electron-boson interactions) are taking place only on the 
quantum dot. The interferometer is connected at the left 
and at the right to electronic reservoirs, kept at slightly 
different (or equal) chemical potentials. The connection 
is via single-channel leads. The model Hamiltonian de- 
scribing this system consists of four terms, 



Wref = eoCoCo- 



(3) 



W = Wleads + Wref + Hd + Hfan, 



(1) 



in which the first term describes the leads, which are as- 
sumed to be two free-electron systems. 



Wleads = <^kclck + epC^C 



(2) 



(We omit spin indices when they are not necessary.) The 
left lead states are denoted by k, and the right ones by 
p, with Cfc (cp) being the destruction operator for states 
on the left (right) lead. For one-dimensional leads, de- 
scribed by a tight-binding model with a nearest-neighbor 
hopping matrix element J, one has Cfe = —2Jcosk, and 
similarly ep = — 2Jcosp. The chemical potential in the 
reservoir connected to the left lead, ^e, can differ from 
that on the right reservoir, Hr- Otherwise, the two leads 
are taken as identical, i.e., they have the same large band- 
width 2J. The reference site is taken for simplicity as 
having a single localized level, of energy eo; Hence 



The dot Hamiltonian Hd is not specified at the moment; 

It may includ(^ electron-electron interactions or electron- 
phonon interactions. For simplicity, we assume that only 
one of the dot single-energy levels is effectively connected 
to the leads. It is possible to carry out a more general 
calculation; However, the algebra then becomes compli- 
cated and may obscure the physical effects wc wish to 
explore. Hence we write for the tunneling Hamiltonian 



k p 

+ ^ Vkclco + ^ VpclcQ + he, 



(4) 



where d is the destruction operator for the electron on 
the dot. The tunneling matrix elements for a one- 
dimensional tight-binding model read 



TV" 
N' 



= -\l —jisink, Vp = -\l — >smp, 



Vk = -\/^iee"^' sink, Vp = -\l— ire sinp, (5) 



where N is the number of sites on each of the leads, and 
gauge invariance allows one to assign the flux dependence 
to the reference arm, such that the total flux (which is 
the magnetic flux threading the ring, measured in units 
of the flux quantum) is 



(6) 



In Eq. (5), je and jr are the matrix elements coupling the 
dot to the left and right point contacts, and ie and ir are 
those connecting the reference site to the same points. 
We emphasize that the model considered here does not 
allottP"^ for any electron losses. This is often referred to 
as a "closed interferometer" . 

Under the circumstances described above, a transport 
current / is passed through the ring, say from left to 
right. This current splits into the currents moving in the 
upper and lower arms of the ring. 



(7) 



When all electrons entering the interferometer from the 
left reservoir leave it into the right one, and are not lost 
to the surrounding, (as sometimes happens in the exper- 
iments), one has /i + J3 = I2 + h = 0. For reasons 
related to the detailed calculations below, wc keep the 
four partial currents separately. The current circulating 
the ring under the effect of the Aharonov-Bohm flux, Idr , 
is conveniently defined as 



2T ■ 



I1) 



(8) 
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in order to avoid spurious currents caused by geomet- 
rical asymmetries. It is therefore seen that the calcu- 
lation of both the transport current and the circulating 
one requires the knowledge of the partial currents in the 
interferometer. 

An efficient way to find those currents is to employ 
the Keldysh technique, which is particularly suitable to 
handle non-equilibrium situations. Using the Keldysh 
notations, the partial currents Ii and I2 are given by^^ 
(in units in which h = 1 ) 

k 

^2 = e / ^ Y^i^lGU^) - VkG^,{u;)), (9) 



where 



w) = J dte'^^Hib^ait)), (10) 



and the operators a and b stand for c^, Cp, cq, or d. The 
other two partial currents, I3 and I4, are derived from 
Eqs. (9) by changing the lead index k into the second 
lead index, p. 

The computation of all four partial currents is detailed 
in Appendix A. Here we summarize the results. The 
first step taken there is to obtain explicit expressions [see 
Eqs. (A27) and (A34)] for the partial currents in terms of 
the various parameters, and the exact Green function on 
the dot, which includes all effects of interactions, as well 
as the couplings to the interferometer, to the electronic 
reservoirs and to the phonon source. In the Keldysh tech- 
nique this means that the above-mentioned expressions 
include the Keldysh function G^^, [see Eq. (10)], and the 
usual retarded (Gf^) and the advanced [G^^ = (Gf^)*] 
dot Green fimctions. The frequency (lu)- integration of 
the former, / dcuG"^^, has a very clear physical meaning: 
It gives the occupation number of the electrons on the 

dot, Hd- 

When the interferometer is biased, the Keldysh Green 
function G^^ and the occupation nj, are affected by 
the voltage difference, such that current conservation, 
I1+ 13 = 0, is ensured (see Fig. 1). In practice, however, 
the calculation of the Keldysh function is not simple (ex- 
cept for the interaction- free system). We therefore resort 
to an approximation, which gives it in terms of G^j and 
G^^. Explicitly, one finds (see Appendix A2 for details) 



/1+/3 



d(jj 
2^ 



(^ext 



'^e^t)Gf 



dd 



(11) 



where the frequency dependence of the various functions 
is suppressed for brevity. Here, is that part of 

the retarded self-energy on the dot, which comes solely 
from the couplings to the interferometer and to the leads. 



Namely, it is the self-energy part for the interaction-free 
system. Similarly, S^^. = (S^^)* is the advanced self- 
energy coming from those couplings, and is the cor- 
responding Keldysh function. All the above three self- 
energies can be found quite straightforwardly, as they 
pertain to the non-interacting parts of the Hamiltonian 
[see Eqs. (A37) and (A38)] . When the system is free of 
interactions, or when it is un-biased, namely, fie = fir (see 
Appendix A2), the integrand in Eq. (11) vanishes. When 
the (interacting) system is slightly biased, the dot Green 
functions are not known exactly. However, the finite bias 
causes only very small changes in the Fermi functions fe 
and fr, of the left and of the right reservoirs, except in 
the range m — fir around the Fermi energy. Here, 



, /r(w) 



g/3(w-/ir) -|- 1 ■ 



(12) 



Hence, we expect the integrand in Eq. (11) to be dom- 
inated by contributions from that vicinity of the Fermi 
energy. If the integrand in Eq. (11) varies slowly with 

the frequency there, then the vanishing of the integral 
would also imply the vanishing of the integrand, namely. 



G< = S 



'-'dd 



'-'dd 



ext VI i{ 



yA ■ 

^ext 



(13) 



In some cases, this equation follows from the 'wide- 
band-approximation' which neglects the tj-depcndence of 
the resonance width QS^j. Equation (13) is used to 
eliminate the dot Keldysh Green function from the ex- 
pressions for the currents. It should be emphasized (see 
Appendix A4) that the relationship Eq. (13) is exact 
for the un-biased system. This point is important for 
the calculation of the persistent current, for which one 
has to keep the contributions of all frequencies. We note 
in passing that the sum I2 + Ii vanishes identically as 
checked by an explicit calculation. 

The next step taken in Appendix A is to employ the 
partial currents in order to obtain the transport current 
[Eq. (7)] and the persistent current [Eq. (8)]. The for- 
mer is obtained using the wide-band approximation, in 
which the frequency-dependence of the self-energies is 
suppressed (see Appendix A3 for details). 



I = el^ifr-fe){TB{l + G2d^, 



R 

'ext 



riR 

V-^ 1 ^R ^A '^dd '^dd 
^dd^ftyA "T '^ext'^ext yR 

GR nA 
dd ~ ^ 



■yH _ -yA 
-^ext -^ext 



) 



+ ^/7WVX^2cos$ 

^ext ^cxt 



x{G^, + Gi, + ii:^^, + i:tt) 



^ext ^ext 



)}• (1^) 



The transport current consists of three parts: The first 

term in the curly brackets of Eq. (14) is the current 
flowing through the reference arm (the lower arm of the 
interferometer in Fig. 1), 'dressed' by the processes in 
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which the electrons travel around the ring, as is man- 
ifested by the appearance of the dot Green functions. 
Here, Tb [see Eq. (A56)] is the transmission coefficient 
of the reference branch, when the upper arm of the in- 
terferometer is cut off. The second term in the curly 
brackets of Eq. (14) is the current flowing through the 
interferometer arm containing the quantum dot; Here Ti 
and Tr [see Eq. (A54)] are the partial linewidths on the 
dot, caused by the couplings to the leads, and 



Xb = 1-Tb 



4'yar 



(15) 



where 7^ and "fr [sec Eq. (A53)] are the partial linewidths 
on the reference site, caused by the couplings to the leads. 
(Note that when these are symmetric, 7^ = 7r, Xb be- 
comes equal to the reflection coefficient of the reference 
branch, Rb = 1 — Tb-) The last term in Eq. (14) results 
directly from interference, since it necessitates transmis- 
sion through both arms of the interferometer, as is man- 
ifested by the product -s/TbT^IV there. 

Several comments on the result (14) are called for: 1. 
The transport current / is even in the Aharonov-Bohm 
flux as it should be, obeying the Onwager symmetry.®^ 
This happens because^^ the dot Green function G^^ and 
are even functions of due to additive contribu- 
tions (with equal amplitudes) from clockwise and coun- 
terclockwise motions of the electron around the ring. 2. 
When the electronic system is free of interactions, the 
'external' self-energy part Scxt constitutes the entire self- 
energy of the dot Green function, namely. 



riRO 



1 



W - Ed 



(16) 



where ea is the energy of the localized level on the dot, 
and the superscript '0' denotes the absence of interac- 
tions. In that case (G™-G^,")/(Ef,,-S4j = G^G^", 
and the transport current becomes 

I' = ej ^{fr{^) - h{^))T\^) ^ ^T\m (17) 

where V is the potential difference on the interferome- 
ter, and T° is the transmission coefficient of the non- 
interacting ring. 



T\uj) = |G™(a;)| 



(18) 



Equation (18) resembles the two-slit formula, as it con- 
sists of the absolute value squared of the sum of two 
terms: The one related to the transmission amplitude of 
the reference arm (having the factor \/Tb) and the other 
which is related to the transmission amplitude through 
the dot (as expressed by \/r^rV), with the Aharonov- 
Bohm phase factor multiplying one of those. However, in 
contrast to the two-slit formula, here both terms are real, 
resulting in an expression which is even in the flux. This 



aspect of the transmission has been discussed in great de- 
tail in Refs. 24 and 25. In the next section, we find that 
it persists also when the electrons on the dot are exposed 
to external radiation. 3. For general values of the flux $, 
the interaction-free transmission (18) does not show the 
Fano anti-resonances, at which the transmission vanishes 
(although the line-shape will be asymmetric). The reason 
is that when $ 7^ or $ 7^ tt, the interference between 
the two arms of the interferometer can never be made 
completely destructive, as was noted in Ref. 64. On the 
other hand, finite values of the fiux do not prevent the 
transmission from achieving the unitary limit. Inspection 
of Eq. (18) in conjunction with the explicit expressions 
for the external self-energy, Eqs. (A59), shows that the 
maximal value for the transmission, T° = 1, is reached 
when the interferometer is symmetric, i.e., when = F^ 
and 7£ = 7r5 the local level on the dot becomes a reso- 
nance, i.e., CO — €4 — KS^^ = 0, and the Aharonov-Bohm 
flux takes the particular value cos ^ = —Tb /{I + Rb)- 

We next turn to the computation of the circulating 
current in an open ring, Eq. (8). In the case of non- 
interacting electrons, that current has been the subject 
of several studies. ^'^'^'''^^^ Here we generalizes those cal- 
culations to the case where the electrons experience in- 
teractions on the quantum dot. 

Inserting the expressions for the partial currents into 
Eq. (8) (see Appendix A4 for details) we find that the 
circulating current consists of two contributions. The 
first one, [see Eq. (A69)], is related to the sum of the 
two electronic distributions, fe + fr- It therefore flows 
even when the interferometer is un-biased, and fe = fr- 
The second contribution, [see Eq. (A70)], arises only 
when the system is biased, being related to the differ- 
ence fi — fr, and only wlicni, in addition, the couplings 
of the dot and/or the couplings of the reference site to 
the interferometer are not equal, namely, when ii 7^ v 
and/or jc 7^ jr [see Eqs. (5)]. Both contributions are 
induced by the Aharonov-Bohm flux and hence are pro- 
portional to sin i>. However, the second term seems to be 
not as interesting as the first. We therefore omit any fur- 
ther consideration of that part of the circulating current, 
and focus only the first contribution, which reads^^ 



J «7r 



fr 



ext /^R 



CC 



(19) 



It is interesting to note that Eq. (19) averages the flux- 
derivative of the external self-energy over energy, with 
weights containing the densities of c;k;c;trons and single- 
particle states with that energy (which are contained in 
Gdd)- The flux-derivative of Gdd does not appear. This 
is reminiscent of the equilibrium case, where the persis- 
tent current is given by the flux-derivative of the ener- 
gies, weighed by the electronic populations, without the 
appearance of the flux-derivative of those, (see, for ex- 
ample, Ref. 56). Since both and G^^ are even in $, 
Ipc is odd in as it should. 
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It is sometimes useful to discuss the properties of 
an open electronic system in the language of scatter- 
ing theory/'"'''*'^ employing the concept of 'transmission 
phases', or the Friedel phase. Such a description is par- 
ticularly useful in the case of interaction-free electrons. 
Indeed, by manipulating Eqs. (16) and (19), one obtains 
that the persistent current of such a system, 1°^, is given 

by 



(20) 



where 6^ is the phase of the retarded Green function 



tan (u;) = - 



Ed 



(21) 



Hence, in a steady-state situation, the persistent current 
of non-interacting electrons is related to the variation 
of the transmission-phase with the Aharonov-Bohm flux. 
(See Ref. 66 for a different derivation of this result.) This 
variation replaces the variation of the eigen-energies with 
the flux in the equilibrium situation as the origin of the 
persistent current. 



III. RADIATION EFFECTS ON THE 
TRANSPORT CURRENT 

The coupling between the electrons residing on the dot 
and a sonic source may be described by a linear, local, 
electron-phonon interaction,^^ 



K 



el— ph 



(22) 



in which ttq = 



-a_q = —a* is the electron-phonon cou- 



pling and 6^ is the creation operator for the boson of 
wavevector q. To stiidy the transport current in the pres- 
ence of such an interaction, one has to add Hei-ph to the 
Hamiltonian Eq. (1), together with the free Hamiltonian 
of the boson excitations, to compute the dot Green fmic- 
tion, and then to use it in Eq. (14). In the case of a lin- 
ear electron-phonon interaction, one is able to obtain an 
approximate form for the Green function Gdd, by assum- 
ing that the external self-energy does not depend on the 
frequency. ^^'^"^ (For a numerical solution in the presence 
of an equilibrium phonon source, see Ref. 69.) This is a 
valid approximation, since the small potential difference, 
temperature, etc., restrict the frequency-integration in 
Eq. (14) to a narrow range around the common Fermi 
energy of the two reservoirs. The explicit expression for 
E^^, valid for the case of an Aharonov-Bohm interfer- 
ometer, is given in Eq. (A59). 

The Green function of the dot, which takes into ac- 
count the electron-phonon coupling (22), was found in 
Refs. 59, 60, and 61. Here we extend their result to in- 
clude the effect of the reference arm and to allow for a 



finite electronic occupation, n^, on the dot. The resulting 
form is then 

r 

G^^iuj) = -iK {1- Ud) / dte'^^-'-'-^^^^'e^^'^ 
L Jo 



f 

Jo 



^^gi(c.-e.-E«,)tg*(-f)- 



(23) 



In the non-equilibrium case, Ud is determined by both 
the acoustic intensity and the relaxation processes. The 
on-site energy on the dot, €4, is now renormalized by 
the polaron shift, ep = X]q iQ^qP/^ij: where LUg de- 
notes the phonon frequency. Since this renormalization 
is temperature- and flux-independent, it will be omit- 
ted. The other phonon variables are contained in K, the 
Debye- Waller factor, and in ^{t). Explicitly, 



i^ = exp[-5^^(l + 2iV,)], 



q 

|2 



^{t) = ^ ^[Afge^'^"* + (1 + Ng)e-'''^% (24) 



q 

where Nq = (&^6q) is the phonon occupation of the q- 
mode, which is not necessarily the thermal equilibrium 
one, but may be tuned externally. 

Perhaps the simplest way to access the effect of the 
acoustic coupling is by expanding Gdd in the electron- 
phonon coupling |Q!q|^, 

Gfdi^) = KGfdi'^) + CqGfd^^ + so;,), (25) 

5=± q 

where the interaction-free Green function is given in 
Eq. (16). Here, s = ±, and 

C+ = ^(iV, + Udl C- = ^(1 + N,- Ud). (26) 



For a weak electron-phonon coupling, the Debye- Waller 

factor is 



(27) 



s=± q 



However, it is instructive to keep the Debye- Waller factor 
K , which multiplies the zero-order term in the expansion 
(25) (and, in principle, all other terms in the expansion) 
in its implicit form, in order to demonstrate its role in 
diminishing aZ/ contributions to the current, and not only 
those arising from interference.^*^ 

It is thus seen that the dot Green function in the pres- 
ence of the electron-phonon coupling may be written as a 
series of terms in which there appear the interaction-free 
Green functions, with their frequency argument shifted 
by the phonon frequencies, ^^'^^ each multiplied by the 
relevant phonon occupation numbers. Hence, it is quite 
obvious that the transport current will have a similar 
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form. Indeed, upon inserting the result (25) into the ex- 
pression for the transport current, Eq. (14), one finds 

I = el ^ifrico) - h{u^))r^\w), (28) 

in which the transmission of the irradiated interferome- 
ter, T""^, is 

T-d(^) = KT^w) + + (29) 

5=± q 

and the interaction-free transmission is given in Eq. (18). 
It is seen that the processes contained in T^{u) + sujq), 
compensate partiaUy for the detrimental effect of the 
Debye- Waller factor, K. We will encounter a similar sit- 
uation in the discussion of the circulating current. Since 
we are operating in the linear response regime, it suffices 
to study the result (29) at the Fermi energy, namely, at 
zero frequency in our notations. 

Let us first consider the radiation effect on the trans- 
port through the ring in the unitary limit, namely when 
T°(0) = 1. This situation, as mentioned above, oc- 
curs for a symmetric ring, when -|- = and 
cos$ = —Tb/{'\- + Rb)- Under these conditions 



T\sujq) 



res ^ ^^(9E«J2+^2- 



(30) 



AX = C+ + C- 



\Olc 



-(l + 27Vg), 



-(2nd-l). 



(33) 



Equation (32) shows that by shining a beam of bosons 
at a certain frequency range, the transport current in- 
creases linearly with the intensity of the beam, as long as 
the latter is not too large. For example, when the inter- 
ferometer is far from resonance, namely when \ed\ 3> Tq, 
where Fq = F^ + F^, (Fq is the width of the resonance 
level of the quantum dot itself, when it is disconnected 
from the reference arm), we find that the transmission, 
to lowest order in Fo/le^l becomes 

yrad(o) I ^TbRb(Tb + (1 + Rb) COS 

I off res V / 



■ (34) 



Of particular interest is the point that the magnitude of 
the interference term can be controlled by coupling the 
dot to a sonic source. The other factor, , may change 
sign depending on the relative location of the on-site en- 
ergy on the dot and the Fermi level, but its magnitude 
cannot vary much, — 1 < 2n<j — 1 < 1. 



Inserting this into Eq. (29), and using Eq. (27), yields 



T->)| =l-iiBEE^q 
Ires — : — 
s—± q 



l-^BE^(l + 2iV,) 



(9S«J2+ 2 



(SJS«J2+ 2 



(31) 



At resonance, the transmission is independent of the elec- 
tronic occupation on the dot. The coupling with the 
bosons reduces the transmission at resonance, the more 
so as the intensity of the boson source in a certain fre- 
quency range increases; It is interesting to note, however, 
that this effect becomes smaller as the reflection coeffi- 
cient of the reference arm decreases (and therefore the 
current tends to go mainly through that arm). 

To study the effect of the radiation in the general case, 
it is convenient to present the transmission T^^"^ in the 
form 

q 



where — 2T"(0) comes from the Debye- Waller factor. 
Here is directly proportional to the radiation inten- 
sity, while A~ does not depend on it. Explicitly, 



IV. RADIATION EFFECTS ON THE 
CIRCULATING CURRENT 

The subtle effect that electron-phonon interactions 

may have on interference-related properties of electrons 
has been invoked a long time ago by Holstein,^"^ in his 
theory of the Hall effect in hopping conduction. Hol- 
stein proposed that in order to capture the Hall effect, 
it is necessary to consider processes where the ampli- 
tude of the direct electron tunneling between two 'sites' 
around which the electronic wave functions are local- 
ized, interferes with an indirect tunneling amplitude, 
through an intermediate third site. Moreover, that in- 
terference must involve energy-conserving electron tran- 
sitions to and from the intermediate site, which are as- 
sisted by phonons. It turns out that this 'Holstein pro- 
cess' has intriguing consequences for the persistent cur- 
rent in electronically-isolated interferometers.^^ Since it is 
of interest to compare the radiation effect on persistent 
currents in isolated and in open rings, we begin this sec- 
tion with a brief summary of the Holstein process and its 
consequences for the isolated system, and then analyze 
the situation in an open ring. 

The Holstein mechanism can be explained in a some- 
what technical language as follows. Under hopping con- 
duction conditions, transport can be related to transition 
probabilities. Imagine now the transition probability per 
unit time, Pij, to tunnel from the electronic state lo- 
calized at i to that localized at j. When the system is 
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subject to a constant magnetic field, the tunneling ampli- 
tude between i and j is multiplied by the magnetic phase 
acquired from the field along the path i — j. Upon taking 
the absolute value squared of such an amplitude to obtain 
Pij due to direct hopping alone, the result is indepen- 
dent of the magnetic field. Now let us add to the direct 
tunneling amplitude between i and j the amplitude for 
indirect tunneling, for example, the path i — £ — j, where 
£ denotes an intermediate site. The transition probabil- 
ity now depends on the total, gauge-invariant, magnetic 
flux enclosed by the two paths (i.e., the Aharonov-Bohm 
phase). However, it is an even function of the magnetic 
phase, as the tunneling amplitudes themselves can always 
be chosen to be real. As such, this transition probabil- 
ity cannot lead to a dc Hall conduction, which is odd in 
the field. This line of argument shows that, technically 
speaking, an imaginary contribution to at least one of 
the transition amplitudes is required in order to render a 
term odd in the magnetic phase in the transition proba- 
bility. 

Where can this imaginary part come from? Holstein^^ 
argued that when electron-phonon processes are taken 
into account, the intermediate state becomes in fact a 
continuum of energy states, consisting of the interme- 
diate electronic energy, and the continuum of phonon 
energies. This continuum suffices to supply the re- 
quired imaginary contribution. Roughly speaking, when 
electron-phonon interactions are accounted for, the tun- 
neling amplitude for the indirect path acquires, for ee > 
Cj, terms such as 

(^,nq - l,nq'|y|j,nq,nq/ ± 1) 

x{j,nq,nq' ±l\V\i,nq,nq,). (35) 

Here, ej, etc., denotes electronic site energies, 77 ^ 0+, 
u>q and Uq' are boson energies, and riq and Uq/ are the 
quantum numbers of the q— and q'— mode occupations. 
In Eq. (35), V is the operator that transfers the elec- 
tron between sites, and at the same time may cause the 
phonon states to change, obtained after an appropriate^^ 
unitary transformation on the electron-boson Hamilto- 
nian, Eq. (22). Since the intermediate state now lies in a 
continuum of energies, the infinitesimal part 77 leads to a 
a finite imaginary contribution, provided that the sum of 
energies in the denominator vanishes, namely, when there 
is an exact energy conservation, as would be needed to 
make a real transition''^ between the initial and interme- 
diate states of the process. We emphasize, however, that 
the boson created/destroyed in going from i to j is only 
virtual, exactly the same boson is destroyed/created in 
going from j to £. This exact identity is necessary for 
incoherent phonons in order to retain phase coherence*^^ 
with the direct process from i to £. More technically, 
one uses the relation 1/(.t + ir)) = V/x — iirS^x), where 
V denotes the principal part. The delta- function term 
within the infinite sum over the phonon modes gives rise 



to the required finite imaginary contribution. The result- 
ing imaginary part in Ji_£_j yields a term odd in the flux 
in the transition probability. It is worth noting that the 
energy-conserving process occurs here in the intermedi- 
ate state of the perturbation theory [of which Eq. (35) is 
the lowest term] for the combined amplitudes. Recently, 
this unique process has been proposed as the origin of the 
anomalous Hall effect in ferromagnetic semiconductors.^^ 

The argument above exemplifies the necessity for one 
resonant process. However, in fact the Holstein process 
requires at least two resonant electron-phonon processes. 
This can be explained as follows: The three electronic 
energies involved in the indirect tunneling and their dif- 
ferences are in general all different. Hence, at least one 
phonon (the one denoted above by q) is needed to supply 
the energy difference — between the initial and final 
electronic states. The second phonon {q' above) appears 
in the intermediate process, as explained above. We will 
come back to this point in the following. The phonon- 
assisted indirect amplitude, Eq. (35), gives rise also to 
a contribution which is even in the field (coming from 
the principal part). That contribution does not require 
exact energy-conservation within the intermediate state 
of the perturbation energy (it does however, require the 
phonon supplying the energy difference between the ini- 
tial and final electronic states). 

The fact that the transition probability per unit time 
for an electron to hop between two sites may include a 
term which is odd in the Aharonov-Bohm flux (in addi- 
tion to the term even in the flux) has an immediate result: 
detailed balanc:e is broken evc;n at thermal equilibrium. 
Stated in terms of transition probabilities, Pij — Pji ^ 0, 
and the difference is odd in the magnetic flux. To ap- 
preciate the outcome of this observation, let us focus our 
attention on a triad of three sites, i, j, and £, the smallest 
cluster in which the doubly-resonant transitions can take 
place. The transition probability to go from site i to site 
j, Pij, (which includes also the indirect processes via site 
£) , and the transition probability to go from that site to 
site i (now also through the intermediate site j), P^, are 
such that 

Pij + Pit = Pji + Pu, (36) 

so that charge balance is maintained at the electronic 
site i. However, since Ptj 7^ Pji, there is a net current 
circulating around the triad, proportional to Pij — Pji, 
and therefore arising from the Holstein process. That 
current is additional to the persistent current flowing in 
this system in the absence of the coupling to the phonon 
source. In fact, it has been found^^ that it is always 
flowing in the reverse direction! (The direction of the 
current in the triad is determined by delicate effects re- 
lated to the location of the Fermi level with respect to 
the site energies, etc.) This current has been therefore 
termed 'counter-current'. When the full transition prob- 
abilities, including the terms even and odd in the mag- 
netic ffux, are used in the proper rate equations to find 
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the current, the resulting conductivity tensor satisfies the 
Onsager relations/'' 

Having related the doubly-resonant processes of Hol- 
stcin to the persistent current, it is worthwhile to re- 
examine the resonance conditions from the point of view 
of coherence. As wc have pointed above, and as is borne 
out by the full calculation,^^ one of the two phonons is 
common to both interfering tunnelling paths, thus retain- 
ing their coherence, while the other is, as explained 
above, absorbed and re-emitted by one of the paths, 
again retaining coherence with the other path. Hence, 
albeit the fact that the Holstein mechanism also involves 
a real, energy-conserving, electron-phonon transition, it 
still contributes in a non-trivial way to the persistent 
current. However, since this contribution arises from 
'real' processes, it requires 'real' phonon modes, namely, 
non-zero temperatures. One therefore expects that the 
counter-current will increase with the temperature. On 
the other hand, the counter-current is also multiplied by 
the overall damping Debye- Waller factor. Hence, the re- 
sulting temperature dependence of the counter-current is 
non-monotonic.^^ 

When the interferometer is connected by leads to ex- 
ternal electronic reservoirs, the energy levels on the ring 
acquire finite widths, given by the imaginary part of the 
external self-energies. Then, the effect of the coupling to 
the sonic source is modified. While for discrete states, 
it required exact energy conservation (up to the width 
introduced by the coupling to the phonons), here it op- 
erates in a finite energy band. Nonetheless, the radiation 
introduces again a unique effect, which goes beyond that 
of the Debye- Waller exponent. In the present situation 
the sonic effect is of a lower order in the electron-phonon 
coupling, and may exist even in the T ^ limit as will 
be discussed later. (For a concise summary of this result 
see Ref. 68.) 

Indeed, inserting the expansion of the dot Green func- 
tion at small electron-phonon coupling, Eq. (25), into 
our general result for the circulating current, Eq. (8), 
yields 



C. + A7, 



(37) 



where 7°^ is the persistent current of the non-interacting 

interferometer, given by Eq. (20) above, and ALpc is the 
acousto-persistent current, given, within our approxima- 
tion, by 



duj fe{iv) + Jr{uj) 



q 

+ A+^(5\u^ + w,) + 5\u: - w,) - 2^0(a;))] , (38) 

where 5'^' , the Friedel phase of the non interacting sys- 
tem, is given in Eq. (21), and is defined in Eqs. 



(33). The acousto- induced persistent current, A/pc, con- 
sists of two parts: The first term depends only on the 
dot's occupation, rid, and its sign may change according 
to the relative location of with respect to the Fermi 
energy. The second term in Eq. (38) is dominated by 
the phonon occupations [see Eq. (33)], via A+. [Note 
that the term — 2(5°(a;) there comes from the expansion 
of the Debye- Waller exponent.] Examining this contri- 
bution shows that by shining a beam of phonons of a 
specific frequency, the magnitude of that term can be 
enhanced and controlled experimentally, as long as the 
temperature of the electronic system and the intensity of 
the phonon source Nq are low enough to retain coher- 
ent motion of the electrons. (The intensity is also lim- 
ited in the present calculation by the assumption of weak 
electron-phonon coupling; However, there is no concep- 
tual difficulty to extend the calculation to stronger val- 
ues.) Similar considerations apply to photons. Both the 
precise magnitude of these effects and the above bounds 
depend on the detailed geometry of the dot and on the 
acoustic (or electromagnetic) mismatch. 

It is important to appreciate the difference between 
this result and the corresponding one found for the iso- 
lated ring. In the isolated ring, the Holstein process^^ 
required the emission (absorption) of a specific phonon, 
with the exact excitation energy of the electron on the 
ring. In the present case, the coupling to the leads turns 
the bound state into a resonance, with a width Fq which 
vanishes when the ring is decoupled from the leads. As 
a result, there is always some overlap between the tail 
of the Green function G^^{ijj) and the Fermi distribu- 
tion /(w), yielding contributions from Holstein-like pro- 
cesses via phonons with many (including very low) en- 
ergies. Indeed, each contribution to A/pc contains the 
phase (5°(w), which vanishes with Fq {5^ ~ To/ledj far 
from the resonance). In particular, this results in a non- 
zero A/pc even at zero temperature: In that limit, if 
Ed < = ^^r = 0, then nd ~ 1. Even with no phonons, 
Nq = 0, the square brackets in Eq. (38) become propor- 
tional to d[6^{u) + u)q) — 5°(a;)]/5$, refiecting processes 
which begin by an emission of phonons. None of this 
remains for the isolated ring, when Fq = 0. 

To obtain explicit expressions, we now evaluate the 
frequency integration appearing in Eq. (38). Since we 
are operating within the linear response regime, the volt- 
age is not essential to our effect and we may safely write 
in Eq. (38) fi{uj) = fri'jj) = /(w) . Furthermore, we 
take the electronic temperature to be low compared to 
all other energies, so that /(w) w 0(— w). We also take 
the typical phonon frequency to be much smaller than 
the large band- width in the leads. With these approx- 
imations the frequency-integration in Eq. (38) is easily 
performed, to yield 



AT 

Alpc = — sm 
47r 



sin $ ^ [ax (F{ujq) -f F{-ujq) - 2F(0) 



+ A-[F{uJq)-F{-UJq)) 



(39) 
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where F{u) is given in terms of i5'^(a;), Eq. (21), 

F{uj) = -^/f^6'^{uJ) - TBln\sm6'^{uj)\. (40) 

Note again that the dependence of the acousto-persistent 
current on the phonon frequency is determined by the 
Friedel phase of the dot at that frequency. To leading or- 
der in the strength of the electron-phonon coupling, the 
magnitude of the first term in AIpc is proportional to 
, and thus grows linearly with the occupation number 
of the acoustic modes acting on the dot, Nq. In fact, 
the acousto-persistent current contains two types of con- 
tributions: the part associated with F{0), which simply 
represents the 'trivial' Debye- Waller renormalization of 
the current, and the novel frequency-dependent parts, 
which reflect the change in the persistent current due to 
Holstein-like processes. 

The above discussion holds at thermal equilibrium. 
There, the electron-phonon interaction does not enhance 
the persistent current. On the other hand, taking the 
phonon source out of equilibrium at a certain frequency 
range may lead to enhancement. On a speculative level, 
remembering that the Debye- Waller exponent depends 
on the sum of all phonon occupations (weighted by their 
couplings to the electronic levels), while the counter- 
current depends only on the phonon occupations of the 
two resonating frequencies, one may visualize the follow- 
ing set-up: Suppose that one shines on the electronic 
system a high intensity beam of non-equilibrium phonons 
(or photons) with a narrow frequency range around, say, 
Wq- The counter-current, resulting from resonant transi- 
tions, will be significantly affected by the non-equilibrium 
phonons only when ojo will be close to the differences 
|ei — Cjl or jcj — e^j. The effect on the Debye- Waller 
factor, on the other hand, will be small for a narrow- 
band beam. In this way, the counter-current will ini- 
tially increase with the intensity of this radiation, until 
the Debye- Waller /decoherence/heating effects will take 
over and the entire persistent current will disappear. 

We have not emphasized in this paper the contribu- 
tion of non-Holstein processes [i.e., those arising from 
the principal part in Eq. (35)]. Such processes are not 
specific to a definite phonon frequency, and therefore can 
not be increased without heating/ decohering the system. 

V. SUMMARY 

We have considered the effect of coupling the elec- 
trons to a boson source on their interference pattern in 
an Aharonov-Bohm interferometer, and in particular fo- 
cused our attention on the modifications in the transport 
current and in the circulating current. In both cases, 
there appears the overall Debye- Waller exponent, which 
reduces the interference term (as well as the 'classical' 
term), and hence the currents, as the temperature is 
raised. All boson modes contribute to the Debye- Waller 
factor. This outcome of the coupling to the boson source 



is not surprising. However, in both cases, there is an 
additional contribution, which is confined to a bounded 
range of phonon energies, dictated by the electronic en- 
ergies. 

In the case of hopping conduction, which involves tran- 
sitions between discrete localized electronic states that in 
general differ in energy, a phonon (common to the two 
paths) is necessary to conserve energy in the overall hop- 
ping process.''^ In the case of an open interferometer, that 
phonon is not necessary, since the electronic states on the 
two leads form continua and overlap in energy. To obtain 
a term odd in the magnetic field in the; hopping regime, 
another, 'second', phonon is needed, which has to con- 
serve the total energy between the initial and intermediate 
statesJ^ The reverse phonon process (namely, restoring 
the phonon system back to its original state) then occurs 
between the intermediate and final states, thus retaining 
phase memory in the overall process (which can then in- 
terfere with another phonon- less path). The conservation 
of energy in the intermediate state is a rather unusual fea- 
ture, which introduces an imaginary part to the hopping 
amplitude for that path, and hence a nontrivial phase. 
That phase was crucial for the theory of the Hall effect in 
the hopping regime. Here, the process appears at a lower 
order in the electron-phonon interaction, as compared to 
the situation in isolated rings with localized electronic 
states. In addition, the intermediate electronic state 
acquires a width via coupling to the leads. Therefore the 
process may exist even at zero temperature. This is due 
to the finite overlap of the intermediate electronic state 
with the "band". 

Becaiisc this novel contribution to the currents comes 
from a confined range of boson frequencies, it is expected 
that by modulating the intensity of the radiation in that 
frequency range, it will be possible to manipulate the 
magnitude of the currents. This will require boson in- 
tensities low enough to retain the coherent motion of the 
electrons. However, the fact that this unique effect is 
confined to a rather narrow region of boson frequencies 
(while the detrimental Debye- Waller factor comprises all 
boson frequencies) gives some hope that such an acousto- 
magnetic effect is feasible in experiments. 
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APPENDIX A: DETAILS OF THE CURRENT 
CALCULATION 

As is clearly explained in Ref. 62 (see also Ref. 61), the 
Green functions required in the Keldysh technique can be 
found by considering the time-ordered Green functions, 
. The latter satisfy the frequency-dependent Dyson 
equation for G'^{uj), 



= G 



■OT 



(Al) 



Then, the retarded (G^) and the advanced (G^) Green 
functions are obtained by replacing T above by R or A, 
while G^ is found according to the rule^^ 



S^G< + E<G 



(A2) 



and similarly for any other product. In the following, we 
omit for brevity the notation T from the time-ordered 
Green functions. 



1. The calculation of the partial currents 

We now apply the Keldysh method to calculate the 

partial currents, defined in Eq. (9). Our aim is to ex- 
press these currents in terms of the dot Green function, 
Gdd- 

We begin with the calculation of Ji. The required 
Green functions G^^ and G^^, are obtained as follows. 
The equations-of-motion for the temporal Fourier trans- 
forms of the time-ordered counterparts read 



{u) — ek)Gkd — VkGdd + VkGod, 
Gdk{(^ -^k) = V^Gdd + vlGdo- 



(A3) 



In order to use the rule (A2), we re- write these two equa- 
tions in the form 



Gkd = VkgkGdd + Vk9kGod, 
Gdk = V^GddQk + v^Gdogk, 



(A4) 



in which gk is the free Green function of the left lead, 
namely 



R.A 

9k = 



1 



u}±ir]-ek' 



9^=nH{9t-9^)- (A5) 



Here ?7 — > 0+, and 
fe = 



1 



(A6) 



is the electron distribution in the left electronic reservoir, 
and Eq. (10) has been employed to obtain g^. Since we 
assume that the two leads in Fig. 1 are identical except 
for being connected to reservoirs of different chemical po- 
tentials, the free Green functions of the right lead are 
given by Eqs. (A5), with fg replaced by fr- For brevity. 



the dependence on the frequency oj will be suppressed in 
most of the equations. 

Using now the rule (A2), we find 

G^d = Vk (.9,«G<, + g<G^,) + Vk [g§G<, + g<G^,) , 

G^k = V: {g<^9^ + G^^g<) + vl (g< 5^ + G^,g<) . 

(A7) 

Inserting Eqs. (A7) into Ii, Eq. (9), and writing explic- 
itly the couplings Vk and Vk from Eqs. (5), one finds 

^1 = ^ / £ ^ E ^ {G<,ig^ - at) 

+ 9t{Gia - Gf,)) +m,e^1'^{g^G<,+g<Gt,) 



3iiee-^'"{9tG% + gtG^^) 



(A8) 



When the explicit expressions for g^, g^, and g^ [see 
Eqs. (A5)] are inserted into Eq. (A8), it turns out that 
it is useful to define 



R,A 



2 y > R A • 2 1 

= J^2^9k' sm k, 



and 



A = - a« 



47ri 



— ^S{u - ek)sm'^ k. 



(A9) 



(AlO) 



With these notations, the partial current Ii becomes 

= e / ^ (-Ail [G^d + MG2, - GU 

+ j,i,e'^^[/,AG^, + a«Go<] 

- jeiee-"^' [a^G< + /,AGfo] ) • (All) 

The next step is the find the Green functions God and 
Gdo in terms of the dot Green function Gdd- This is ac- 
complished as follows. The equation-of- motion for the 
time-ordered Green function God reads 

God = go{Y.''*kGkd + {k^p}), (A12) 

k 

in which the notations {k ^ p} stand for the analogous 
sum on the right lead, and go is the free Green function 
on the reference site, with 



9r 



u! ztirj — eo 



(A13) 



Since the bare reference site is not coupled to any elec- 
tronic reservoir, the free Keldysh Green function for that 
site vanishes, 



5o< 



0. 



(A14) 
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Making use of Eqs. (A4) we have 

G^, = [E ^*k9i {v,Gi^ + VkG^,) +{k^ p} 

k 



which yields 



(A15) 



(A16) 



where Dq is the reference site Green function when the 



upper arm of the ring is cut off, 



1 



° ij — ir) - eo - a^{ij + i'^)' 
and Y denotes the interference coupling, 



Y = idee-"t''+irjre"t'^ 



(A17) 



(A18) 



The retarded Green function is obtained from Eq. 
(A16) by interchanging '^4' into 'R'. A similar calcula- 
tion yields 



Gi, = Y*D^a^Gi,. 



(A19) 



[Wc remind the reader that the two leads arc assumed to 
be identical except that they are connected to electronic 
reservoirs with different chemical potentials.] Turning 
now to the calculation of G^^ and G^g, we first apply the 
rule (A2) to Eq. (A12), to obtain 

G^d = 9^[Evl(Vkig^G<, + g<Gj,) 

k 

+ MgkG^d + a^G^d)) +{k^ P}] ■ (A20) 

Then wc collect the coefficients of G^^ [using Eq. (A17)] 
to find 

G^d = [E < {Vk{g^G<^ + gtGi^) 

k 

+ vug<G^^) + {k ^ p}]. (A21) 

Finally we insert here Eq. (A16) to obtain 

Go< = a''D^Y{G<^ - f,G^^) + f^a^D^YG, 
+ AD^Gj,{fr - h)ir{J^m*e'*^ 

A similar calculation yields 

G< = a^D^Y*{G<, + f,Gf,) - ha'^D^Y^Gl 



^dd 



(A22) 



(A23) 



Here we have introduced the effective couplings connect- 
ing the quantum dot to the right part of the ring, 



J«($) = jr + ira^'D^iuue"^ + 



(A24) 



and to the left side, 

(*) = k + ka'^D^iiiji + vi.e-^*), (A25) 
and used the relation 



- Di 



(A26) 



Introducing all these results into Ii, Eq. (All), gives 
that partial current in terms of the dot Green function. 



+ 
+ 



(-$) - cc] [g< + MG^, - Gi,)] 



(A27) 



[Note that A* = — A.] Examining the expression for the 
partial current I3, Eq. (9), it is seen that it is obtained 
from Ii, upon the replacements £ r with k ^ p, and 
(pi •(-> —(j)r, namely $ — > — Then [see Eqs. (A24) and 
(A25)] J«(-$) - J«(<I>). 

Next we consider the partial current J2. A similar cal- 
culation to the one leading to Eq. (All) yields 



2^(-^*^ 



Gqo + fi{Goo — Gqq) 



do 



Af,G^^ + a^G, 



Od 



(A28) 



In order to express this current in terms of the dot 
Green function, we need to calculate the reference site 
Green function Goo- The equation-of- motion for the 
time-ordered counterpart gives 



Goo =50+50 [E ""kGko + {k^p} 

k 

with 

Gko — ^kgkGdo + VkgkGoo- 
Making use of Eqs. (A17) and (A19), we find 
G^, = D^ + {D^a^r\YfGf,. 



(A29) 



(A30) 



(A31) 



The advanced function Gqq is given by this equation upon 
interchanging 'i?' with 'A'. Next wc apply the rule (A2) 
to Eqs. (A29) and (A30) to obtain 



^00 



^0 



Ya''G<+A{i^Je + iffr)G^o 



+ A{idee-"^'fe + irjre"^^ fr)G. 



do 



(A32) 



It remains to insert here Eqs. (A19), (A23), and (A31), 
to obtain 
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+ \Ya''D^f\G<, + MGf,-Gj,) 



+ 



+ \Y\^f, {a^D^fGi,-cc 



(A33) 



+ 



+ 



The first term here is the contribution of the lower arm of 
the ring alone; The other terms arise from interference. 
Introducing these results into Eq. (A28) for I2, we find 

- 2ism^{iejiir3r) \{a^fD^Gj:^ - cc fe 
a''j^{-^)({J^{-^)r-h)-cc 

' ^dd + ffX^dd ~ ^dd) 

a^'D^Uire-^'^G'^^J^i^) 
X (jt - AD^iee''^' f) - cc] A(/, - /^) } . (A34) 

Examining the expression for the partial current J4, Eq. 
(9), it is seen that it is obtained from I2, upon the re- 
placements £ r and (/>^ —(I'r- 



2. Current conservation 

Having obtained the partial currents in terms of the 
dot Green functions, wc now examine the consequences. 
The important point to bear in mind is that in the pres- 
ence of interactions (confined to the quantum dot alone), 
those Green functions are not known, and may be found 
only approximately. Therefore, imposing current conser- 
vation will yield general relations which the Gm^s have 
to satisfy. 

Current conservation means (see Fig. 1) that I1+I3 = 
{), and I2 + I4 ~ 0. A lengthy calculation of the sum 
I2 + 14, using Eq. (A34), shows that it indeed vanishes. 
In contrast, the sum of the currents on the interferometer 
arm containing the dot, using Eq. (A27), gives 



2^ 



(A35) 



in which Eext denotes the self-energy of the dot Green 
function, which arises from the connection of the dot 
to the interferometer and the leads. This relation may 
be verified as follows. The external self-energy, S^xt) is 
found from the Dyson equation (Al), using only the non- 
interacting parts of the Hamiltonian, Eq. (1), and Eq. 
(A4), 



SextGdd = VkQk (VkGdd + VkGodj +{k^p} 



(A36) 

Employing Eqs. (A16) and (A22), together with the rule 
(A2), one then finds 



with an analogous expression for S^^., and 



S<xt = A 



/,|jf($)P + /.|J,«($)|^ 



(A37) 



(A38) 



When one combines I\ and /a, and uses the results Eqs. 
(A37) and (A38), one arrives at Eq. (A35). Note that, 
using Eqs. (A24), (A25) and (A37), one has 



|jf($)P + |J«($)|2 

|J«(_CI,)|2 + |JK(_^)|2 



(A39) 



When the electronic system is un-biased, namely, when 
the chemical potentials on both reservoirs are identical, 
we have 



fe — fr = fth- 
Then Eqs. (A38) and (A39) give 



^ext 



yR 



Without the bias, one also has' 



62 



^dd 



fthiGdd - Gm)- 



(A40) 



(A41) 



(A42) 



It follows that without a bias, the integrand in Eq. (A35) 
vanishes. In other words, when the ring is not biased, 
current conservation is trivially satisfied. 

Another case in which Eq. (A35) is trivially satisfied 
is when the dot is free of any interactions. Then the dot 
Green function (marked by the superscript '0') obeys 



1 



€-d. 



G: 



RO 



G: 



AO 



G: 



riRO 



dd ' 



(A43) 



where for simplicity it has been assumed that there is 

only a single electronic level on the dot, denoted Cd- For 
the non-interacting system one also has®^ 



G 



<o 



'^dd ^ext^dd > 



(A44) 



and therefore, again, the integrand in Eq. (A35) van- 
ishes. 

Had we known the exact forms of G^^^ and for 
the interacting electronic system, wc would have found 
that current conservation is also satisfied when the ring 
is biased. However, as mentioned above, the dot Green 
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function is not known exactly. Therefore, we may re- 
gard the relation Eq. (A35) as a condition imposed on 
G^^^ and G^^. In order to make a practical use of this 
condition, we assume that the main contribution to the 
w-integration in Eq. (A35) comes from frequencies at 
about the Fermi level of the electrons (remembering that 
the ring is only slightly biased), and therefore we may 
write 



r'R 



y< 



(A45) 



This approximation is insufficient to determine the dot 
Green function, but at least it eliminates the necessity 
to calculate the Keldysh Green function G^^, and en- 
sures that the current through the ring is conserved. 
Without a bias voltage, Eq. (A45) holds exactly, yield- 
ing in particular the charge in the dot, which is equal 
to the expectation value of the dot occupation, = 
-iJ{dui/2TT)G^^{Lj), [see Eq. (10)]. With a finite bias, 
Eq. (A45) is only approximate. However, the im- 
plied dependence of na on the bias voltage will still 
obey current conservation. The approximation leading 
to Eq. (A45) is sometimes referred to as the 'wide-band' 
approximation. ^ ^ 

With the approximation (A45) and Eqs. (A38) and 
(A39), one has 

/^R _ f^A 

G^d + MG^d - G^d) = ^^'_'/ ^\Jr^m'ifr - hi 
^ext ^ext 

Gta + friGfd - Gia) = -i^—^A\jPm\fe - /.). 

^ext ^ext 

(A46) 

We emphasize again that when the ring is not biased, 
or when the dot is free of any interactions, the relations 
(A45) and (A46) are always satisfied. 



3. The current through the ring 

A glance at Fig. 1 shows that the current through the 
ring, I, is given hy I = h + h = —I3 — li- This current 
is conveniently found from Eqs. (A27) and (A34) by cal- 
culating {Ii + 12 — I3 — I4) /2. The terms proportional to 
sin $ are then cancelled, and one is left with 



duj ( 
2^1 



|jf(-$)|^ 



Gdd 



fe{G 



R 
dd 



riA 
'-'dd 



+ -^\Jr^i-n' [G^d + friG^d - Gia) 



+ {fe - mWr\D^? 
+ {ft. - fr)A'^ieirjejr cos$ 



1 + Gdd^^xt + G, 



yA 



[Note that the quantity D^[l + a'^D^{ij + i;)] is real, 
see Eq. (A17).] Making use of the approximation (A45) 



(Gdd + Gm. 



]■ (A47) 



and the resulting relations (A46), the current through 
the ring takes the form 



I = hei + -^dot + III 



(A48) 



where the first term here, I^^f, reduces to the current 
through the reference arm when the other arm is discon- 
nected, 



^R 

-"ext 



cR _ nA . 

+ Gi,->lt, + ^^.t^L y^' yi' ) ■ (A49) 



Similarly, the current /dot , which reduces to the one flow- 
ing in the absence of the reference arm, is 



Mot 



nR _ nA 

X |1 + a^D^{q + (A50) 

^ext ^ext 

Each of these currents is 'dressed' by processes in which 

the electrons travel through the other branch. As might 
be expected, the interference between the two branches 
always appears via the product j^jV-i^V cos In addi- 
tion to appearing implicitly, via Eexti in -^dot and /refi 
this product appears explicitly in the last member in Eq. 
(A48) 

lint = ^(/^ - fr)A\lrJeJrD^[l + a^D^{ii + Z^)] 

^R. 



X cos $ (Gf, + Gi, + (Sf,, + Se1ct) 5f If ) • (A51) 



-"exty yli yA 

^ext ^ext 



An important aspect of the result for the current 
through the interferometer, Eq. (A48), is that it is an 
even function of the flux since both G^^ and 
are even functions of Namely, the current through the 
interferometer obeys the Onsager relations. It is inter- 
esting to note that this property is not apparent from Eq. 
(A47); However, once we use the relation (A45), which 
ensures current conservation, then the flux-parity of I 
becomes clear. 

To present the current in a more transparent manner, 
we write the couplings i^, ir, je, and jr, in terms of the 
partial widths they induce on the localized levels of the 
interferometer (the one on the reference arm and the one 
on the dot). In general, when a localized level is cou- 
pled by a matrix element Uk to a continuum of states of 
energies e^, it becomes a resonance of width 



r(a;) = |ufc|^(5(a; - Cfe). 



(A52) 



Making use of the matrix elements, Eqs. (5), in conjunc- 
tion with Eq. (AlO), we define 
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2^ 2^ 

for the partial widths on the reference site, and 



3i 



2i' 



2V 



(A53) 



(A54) 



for the partial widths on the quantum dot. In accor- 
dance with the wide-band approximation used to obtain 
the current Eq. (A48), we also neglect the frequency- 
dependence of those widths. As a result, the various 
parameters appearing in Eqs. (A48), (A49), (A50), and 
(A51) can be put in the following forms. Firstly, we con- 
sider the prefactor in the expression for 7ref > 



a2| •2 -2 T-fR,2 



It +lr 



(D^ - D^) = -Tb, (A55) 



where Tb is the transmission coefficient of the refer- 
ence arm of the interferometer (when decoupled from 

the quantum dot). In the wide-band approximation (in 
which the energy is taken to be at the middle of the band) 



2 , . , ^2-• (A56) 

4 + he + Ir)^ 

Secondly, the prefactor in the expression for /dot becomes 
A2j|j2|i + a«D«(j2 + = _4r,r,XB, (A57) 

with Xb given in Eq. (15). Finally, the coefficient in lint 
is 



= -2sgn{eo)^/TBTeTrXB. 



(A58) 



For the sake of completeness, we add here the 'exter- 
nal' self-energy of the dot Green function, expressed in 
terms of the partial resonance widths. 



Zb 



+ sgn{€o) — \/ Tb jar^B , 



with 



7r 7« V 70r 



(A59) 



(A60) 



It is thus seen that both the imaginary and the real parts 
of Scxt depend on the flux threading the interferome- 
ter, through the interference term Zb- This expression 
for the external self-energy differs from the one reported 
in Rcf. 22, in which the imaginary part of is in- 
dependent of the flux, while its real part vanishes for 
$ = 7r/2. Although the details of are necessarily 
model-dependent, the result given there, which appar- 
ently neglects any scattering on the reference arm, is ob- 
viously rather restricted to a very specific situation. 



Inserting the results (A55), (A57), and (A58) into Eqs. 
(A49), (A50), and (A51) yields our final result for the 
current through the interferometer, Eq. (14), where for 
simplicity we have chosen the sign of the on-site energy 
on the reference site to be positive. We note that this re- 
sult is not the same as the ones given in Refs. 21 and 22, 
which neglected the scattering on the reference site. On 
the other hand, our expression reduces to the result ob- 
tained from a straightforward calculation (that does not 
employ the Keldysh technique), for an interaction- free 
system, as will be shown below. 

When there are no interactions on the dot, then using 
Eqs. (A43), and denoting the interaction- free current by 
one has 



/° = e/^(/.-/.){rB|l + G™S 



'ext I 



+ 4TiTrXB\G^X + 2v'TBr^r,Xscos$ 
x(g«°(1 + e4,G^0) + cc)}. (A61) 



Noting now that 

(Gf,V+E«,^(ar^^'^-e. 
is a real function, can be written as 



(A62) 



^ii0|2 
'dd I 



l'-eJ^ifr-fe)\G', 

X I v^(a°)-'e'* + 2^/TeTrXBf. 



(A63) 



This result reproduces the one found using scattering- 
matrix description. 



4. The circulating current 

In order to calculate the current circulating around the 
interferometer, we consider the quantity (Ji — /2 — -^3 + 
74)72 employing Eqs. (A27) and (A34), and then take its 
antisymmetric part with respect to the flux. Clearly the 
first term in Eq. (A34) will eventually disappear, since it 
is independent of Therefore, we will not include that 
term. We have 

I1-I2-I3+ h 



f div ( 



2i 



fe + fr 



-Q^^dd 



cc 



1 

+ 2 

X 

1 

~ 2 



a^jf (-$)(2j, - (Jf (-$))*) - cc 
^dd + fd^dd ~ ^dd) 

a«J«(-$)(2jV-(J.^(-$))*)-cc 



^dd 



fAG, 



R 

dd ' 



Gdd) 



+ 
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- ieirjejr cos ^{a^D^ + a^D^) 

- \a''D§Wirjdr{i're-"' + ih'^)) - cc] }, (A64) 

where in order to obtain the first term here we have used 
Eq. (A37). Clearly, when the system is unbiased and the 
distribution functions fe and fr are the thermal ones [see 
Eq. (A40)], only that term survives. In order to explore 
the situation in which the system is biased, we proceed 
as follows. Firstly, we consider the contribution of the 
last square brackets, multiplying the difference fr — fi- 
The antisymmetric part with respect to $ is just 

ism^G^amrjejr\a^D^\^{i^^ - i}) - cc. (A65) 

Next we consider the two terms involving the combina- 
tions G<^- 



.MGdd 



^ -Gt) and G<+/,(Gf,-^^ 



Gdd), using 



_( f _ f N ^dd "dc 



'^dd 



Eqs. (A46). The sum of these two terms becomes 

|J«($)p(A|jf(-$)|2 

+ 2a«i, Jf (-$) - 2a^i,(jf (-$))*) 



I J, 



The antisymmetric part with respect to $ is 



(A66) 



r \ '^dd 

k) 



^cxt ^oxt 



qA 



-Co Dq (Scxt + ^oxt)(V ~ 



(A67) 



Inspecting Eqs. (A65) and (A67), we see that once the in- 
terferometer is biased, there appear terms in the circulat- 
ing current resulting from asymmetries in the couplings. 
Collecting the results above, the circulating current, /cir, 
can be written as 



(A68) 

Here, Ipc denotes the part of the circulating current which 
survives even when the system is un-biased, and is there- 
fore termed 'persistent current'. 



fe + fr 



-Q^'^dd 



CC 



(A69) 



The additional circulating current, that arises only when 
the system is biased and there are asymmetries in the 
couplings is denoted /„, 

/doj 



{e,-il)\a"Di 



GR 1 /^R 
dd ^dd 



r^R _ r^A 
, yA \}f_dd^_f_d± 

"T^RxtJt^R yA 



-'ext-' yR 

^oxt ■ 

„R nR(A'i 



2{fr-jj)\a 



R\2 



rR 
'-'dd 



r^A 
'-'dd 



(A70) 



In particular, when the system is free of interactions, we 
use Eqs. (A62), and the analogous expression for Dq, 



u; - eo ^ (pO)-i ^ ^jjRyi ^ ^fl(^2 ^ ^2^^ (A71) 



to find that the 'asymmetric' part of the interaction-free 
circulating current is given by 



I° = eiMdr{2ism^) J ^{fr - fe)A\a^D^G^S\' 
X '{i'r - ilKG'r' + ifr - fiK-D^)-'] . (A72) 



In the main text we omit this part of the circulating 
current, that arises from the coupling asymmetries, and 
consider only the term Ipc- Moreover, when the poten- 
tial difference across the interferometer is small (namely, 
the system is in the linear response regime), one may 
neglect this difference altogether in the sum fe + fr, and 
replace the electron distributions by the thermal distribu- 
tion one, Eq. (A40). Note that then, the relation (A45) 
becomes exact, and therefore the result (A69) docs not 
rely on the wide-band approximation. This is quite for- 
tunate, since the persistent current, as opposed to the 
transport current, requires integration over the entire 
band. Hence, using for it an approximation which is valid 
at a narrow range around the common Fermi energy is 
not easily justifiable. 



^ Y. Imry, Introduction to Mesoscopic Physics (Oxford Uni- 
versity Press, Oxford 1997; 2nd edition 2002). 

2 Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). 

^ A. Yacoby, M. Heiblum, D. Mahalu, and H. Shtrikman, 
Phys. Rev. Lett. 74, 4047 (1995). 

* R. Schuster, E. Buks, M. Heiblum, D. Mahalu, V. Uman- 
sky, and H. Slitrikman, Nature (London) 385, 417 (1997); 
E. Buks, R. Scliustor, M. Heiblum, D. Mahalu, and V. 
Umansky, Nature (London) 391, 871 (1998). 

^ D. Sprinzak, E. Buks, M. Heiblum, and H. shtrikman, 

Phys. Rev. Lett. 84, 5820 (2000). 
® W. G. van der Wiel, S. De Franccschi, T. Fujisawa, J. M. 

Elzerman, S. Tarucha, and L. P. Kouwenhoven, Science 

289, 2105 (2000). 

Y. Ji, M. Heiblum, D. Sprinzak, D. Mahalu, and H. Shtrik- 
man, Science 290, 779 (2000); Y. Ji, M. Heiblum, and H. 
Shtrikman, Phys. Rev. Lett. 88, 076601 (2002). 

* A. W. HoUeitner, C. R. Decker, H. Qin, K. Eberl, and R. 
H. Blick, Phys. Rev. Lett. 87, 256802 (2001). 



16 



^ A. Fuhrcr, S. Liischer, T. Ihn, T. Heinzel, K. Ensslin, W. 
Wegschcidcr, and M. Bichler, Nature (London) 413, 822 

(2001) ; U. F. Kcyser, C. Fiihner, S. Borck, R. J. Haug, M. 
Bichler, G. Abstrcitcr, and W. Wegscheider, Phys. Rev. 
Lett. 90, 196601 (2003); M. Sigrit, A. Fuhrer, T. Ihn, K. 
Ensslin, S. E. Ulloa, W. Wegscheider, and M. Bichler, cond- 
mat/0308223 (2003). 

K. Kobayashi, H. Aikawa, S. Katsumoto, and Y. lye, Phys. 
Rev. Lett. 88, 256806 (2002); K. Kobayashi, H. Aikawa, 
S. Katsumoto, and Y. lye, J. Phys. Soc. Jpn. 71, L2094 

(2002) . 

" Y. Gefen, Y. Imry, and M. Ya. Azbel, Phys. Rev. Lett. 52, 
129 (1984). 

M. Biittiker, Y. Imry, R. Landauer, and S. Pinhas, Phys. 
Rev. B 31, 6207 (1985). 

O. Entin-Wohlman, C. Hartzstein, and Y. Imry, Phys. Rev. 
B 34, 921 (1986). 
" R. A. Webb, S. Washburn, C. P. Umbach, and R. B. Lai- 
bowitz, Phys. Rev. Lett. 54, 2696 (1985). 
G. Haekenbroich and H. A. Weidenmiiller, Phys. Rev. Lett. 
76, 110 (1996); G. Haekenbroich, Phys. Rep. 343, 463 
(2001). 

^® C. Bruder, R. Fazio, and H. Schoeller, Phys. Rev. Lett. 76, 

114 (1996). 

" H.-W. Lee, Phys. Rev. Lett. 82, 2358 (1999). 

1* T. Taniguchi and M. Biittiker, Phys. Rev. B 60, 13814 

(1999) . 

i^A. L. Yeyati and M. Biittiker, Phys. Rev. B 62, 7307 

(2000) . 

2" U. Gerland, J. von Delft, T. A. Costi, and Y. Oreg, Phys. 

Rev. Lett. 84, 3710 (2000). 
^1 B. R. Bulka and P. Stefahski, Phys. Rev. Lett. 86, 5128 

(2001) . 

W. Hofstctter, J. Konig, and H. Schoeller, Phys. Rev. Lett. 
87, 156803 (2001). 

23 J. Konig and Y. Gefen, Phys. Rev. Lett. 86, 3855 (2001); 
Phys. Rev. B 65, 045326 (2002). 

2* O. Entin-Wohlman, A. Aharony, Y. Imry, Y. Levinson and 
A. Schiller, Phys. Rev. Lett. 88, 166801 (2002); O. Entin- 
Wohlman, A. Aharony, B. I. Halperin, and Y. Imry, Phys. 
Rev. B 66, 115311 (2002); A. Aharony, O. Entin-Wohlman, 
and Y. Imry, Phys. Rev. Lett. 90, 156802 (2003). 

2^ H. A. Wcidcmniiller, Phys. Rev. B 65, 245322 (2002). 

28 L. Pauling, J. Chem. Phys. 4, 673 (1936). 

^'^ F. London, J. Phys. Radium 8, 397 (1937). 

28 I. O. Kulik, JETP Lett. 11, 275 (1970). 

2^ M. Biittiker, Y. Imry, and R. Landauer, Phys. Lett. A 96, 
3365 (1985). 

3° L. P. Levy, G. Dolan, J. Dunsmuir, and H. Bouchiat, Phys. 

Rev. Lett. 64, 2074 (1990). 
31 V. Chandrasekhar, R. A. Webb, M. J. Brady, M. B. 

Kctchen, W. J. Gallagher, and A. Kleinsasser, Phys. Rev. 

Lett. 67, 3578 (1991). 

32 D. Mailly, C. Chapelier, and A. Benoit, Phys. Rev. Lett. 
70, 2020 (1993). 

33 E. M. Q. Jariwala, P. Mohanty, M. B. Ketchen, and R. A. 
Webb, Phys. Rev. Lett. 86, 1594 (2001). 

3"* W. Rabaud, L. Saminadayar, D. Mailly, K. Hasselbach, A. 

Benoit, and B. Etienne, Phys. Rev. Lett. 86, 3124 (2001). 
35 R. Deblock, R. Bel, B. Reulet, H. Bouchiat, and D. Mailly, 



Phys. Rev. Lett. 89, 206803 (2002). 
3*^ A. Lorke, R. Luyken, A. O. Govorov, J. P. Kotthaus, J. 
M. Garcia, and P. M. Petroff, Phys. Rev. Lett. 84, 2223 

(2000) . 

3^ R. Warburton, C. Schaflein, D. Haft, F. Bickel, A. Lorke, 
K. Kaprai, J. M. Garcia, W. Schoenfeld, and P. M. Petroff, 
Nature (London) 405, 926 (2000). 

38 M. Bayer, M. Korkusinski, P. Hawrylak, T. Gutbrod, M. 
Michel, and A. Forchel, Phys. Rev. Lett. 90, 186801 (2003). 

39 M. Biittiker and C. A. Stafford, Phys. Rev. Lett. 76, 495 
(1996). 

*° S. Y. Cho, K. Kang, C. K. Kim, and C-M. Ryu, Phys. Rev. 

B 64, 033314 (2001). 
*i G-H. Ding and B. Dong, Phys. Rev. B 67, 195327 (2003). 
*2 V. E. Kravtsov and V. I. Yudson, Phys. Rev. Lett. 70, 210 

(1993). 

*3 Y. Galperin and O. Entin-Wohlman, Phys. Rev. B 54, 9346 
(1996). 

M. Moskalets and M. Biittiker, Phys. Rev. B 66, 245321 

(2002). 

*5 O. L. Chalaev and V. E. Kravtsov, Phys. Rev. Lett. 89, 
176601 (2002). 

*8 V. Ferrari, G. Chiappe, E. V. Anda, and M. D. Davidovich, 

Phys. Rev. Lett. 82, 5088 (1999). 
^"^ K. Kang and S-C. Shin, Phys. Rev. Lett. 85, 5619 (2000); 

K. Kang, S. Y. Cho, J-J. Kim, and S-C. Shin, Phys. Rev. 

B 63, 113304 (2001). 

I. Aiffeck and P. Simon, Phys. Rev. Lett. 86, 2854 (2001). 
'^^ H. Hu, G-M. Zhang, and L. Yu, Phys. Rev. Lett. 86, 5558 

(2001) . 

5° H.-P. Eckle, H. Johannesson, and C. A. Stafford, Phys. 
Rev. Lett. 87, 016602 (2001). 

51 P. Mohanty, Ann. Phys. (Leipzig) 8, 549 (1999). 

52 P. Schwab, Eur. Phys. J. B18, 189 (2000). 

53 V. E. Kravtsov and B. L. Ahshuler, Phys. Rev. Lett. 84, 
3394 (2000). 

5* P. Cedraschi, V. V. Ponomarenko and M. Biittiker, Phys. 
Rev. Lett. 84, 346 (2000); P. Cedraschi and M. Biittiker, 
Phys. Rev. B 63, 165312 (2001). 

55 T. Holstein, Ann. Phys. (N. Y.) 8, 343 (1959). 

58 O. Entin-Wohlman, Y. Imry, A. G. Aronov, and Y. Levin- 
son, Phys. Rev. B 51, 11584 (1995). 

5^ B. A. Glavin, V. A. Kochelap, and T. L. Linnik, JETP 
Lett. 51, 191 (2000); S. A. Cavill, L. J. Challis, A. J. Kent, 
F. F. Ouah, A. V. Akimov, and M. Henini, Phys. Rev. B 
66, 235320 (2002). 

58 R. G. Mani, ,J. H. Smct, K. von Klitzing, V. Narayana- 
murti, W. B. Johnson, and V. Umansky, Nature (London) 
420, 646 (2002); cond-mat/0305507. 

59 L. I. Glazman and R. I. Shekhter, Sov. Phys. JETP 67, 
163 (1988). 

8" N. S. Wingreen, K. W. Jacobsen, and J. W. Wilkins, Phys. 
Rev. Lett. 61, 1396 (1988); Phys. Rev. B 40, 11 834 (1989). 

81 A-P. Jauho, N. S. Wingreen, and Y. Meir, Phys. Rev. B 
50, 5528 (1994). 

82 L. V. Keldysh, Sov. Phys. JETP 20, 1018 (1965); D. C. 
Langreth, in Linear and Nonlinear Electron Transport in 
Solids, Vol. 17 of Nato Advanced Study Institute, Series B: 
Physics, edited by J. T. Devreese and V. E. Van Doren 
(Plenum, New York, 1976). 



17 



The role of the Onsagcr relations in flux-sonsitivo trans- 
port is discussed by M. Biittiker and Y. Imry, J. Phys. 
C18, L467 (1985) and by M. Biittiker, Phys. Rev. Lett. 
57, 1761 (1986). 

O. Entin-Wohlman, A. Aharony, Y. Imry, and Y. Levinson, 

J. Low Temp. Phys. 126, 1251 (2002). 

M. Biittiker, Phys. Rev. B 32, 1846 (1985). 

E. Akkermans, A. Auerbach, J. E. Avron, and B. Shapiro, 

Phys. Rev. Lett. 66, 76 (1991). 

P. A. Mello, Phys. Rev. B 47, 16 358 (1993). 

O. Entin-Wohlman, Y. Imry, and A. Aharony, Phys. Rev. 

Lett. 91, 046802 (2003). 

K. Haule and J. Bonca, Phys. Rev. B 59, 13 087 (1999). 



Y. Imry, cond-mat/0202044 (2002). 

M. Jonson, Phys. Rev. B 39, 5924 (1989). 

L. E. F. Foa Torres, H. M. Patawski, and S. S. Makler, 

Phys. Rev. B 64, 193304 (2001). 

T. Holstein, Phys. Rev. 124, 1329 (1961). 

A. Miller and E. Abrahams, Phys. Rev. 120, 745 (1960). 

A. Stern, Y. Aharonov, and Y. Imry, Phys. Rev. A 41, 

3436 (1990). 

A. A. Burkov and L. Balents, Phys. Rev. Lett. 91, 057202 
(2003). 

O. Entin-Wohlman, A. G. Aronov, Y. Levinson, and Y. 
Imry, Phys. Rev. Lett. 75, 4094 (1995). 



18 



